In this paper, we produce new classes of MDS self-dual codes via (extended) generalized Reed-Solomon codes over finite fields of odd characteristic. Among our constructions, there are many new parameters of MDS self-dual code which have never been reported. For large square q, we can produce more than approximately 50% times of new MDS self-dual codes with different lengths than the previous results.
Parameters of MDS self-dual codes are completely characterized by their lengths n, that is, n, n 2 , n 2 + 1 . Therefore, the problem for constructing different MDS self-dual codes can be transformed to find MDS self-dual codes with different lengths. In [6] Grassl and Gulliver showed that the problem has been completely solved over the finite fields of characteristic 2. But the constructions on the finite fields of odd characteristic is still far from complete. For example, if q = 83 2 , more than 3000 MDS self-dual codes with different even lengths possibly exist assuming MDS conjecture is valid. But up to now, only 702 MDS self-dual codes of different even lengths are able to be constructed. In [11] , Jin and Xing constructed some classes of new MDS self-dual codes through generalized Reed-Solomon codes. In [22] , Yan generalized the technique in [11] and constructed several classes of MDS self-dual codes via generalized Reed-Solomon codes and extended generalized Reed-Solomon codes. In [16] , Labad, Liu and Luo produced more classes of MDS self-dual codes based on [11] and [22] . All the known results on the construction of MDS self-dual codes are depicted in Table 1 . Table 1 : Known systematic construction on MDS self-dual codes of length n ( η is the quadratic character of F q ) q n even Reference q even n ≤ q [6] q odd n = q + 1 [6] q odd (n − 1)|(q − 1), η(1 − n) = 1 [22] q odd (n − 2)|(q − 1), η(2 − n) = 1 [22] q = r s ≡ 3 (mod 4) n − 1 = p m | (q − 1), prime p ≡ 3 (mod 4) and m odd [7] q = r s , r ≡ 1 (mod 4), s odd n − 1 = p m | (q − 1), m odd and prime p ≡ 1 (mod 4) [7] q = r s , r odd, s ≥ 2 n = lr, l even and 2l|(r − 1) [22] q = r s , r odd, s ≥ 2 n = lr, l even , (l − 1)|(r − 1) and η(1 − l) = 1 [22] q = r s , r odd, s ≥ 2 n = lr + 1, l odd , l|(r − 1) and η(l) = 1 [22] q = r s , r odd, s ≥ 2 n = lr + 1, l odd , (l − 1)|(r − 1) and η(l − 1) = η(−1) = 1 Based on [11] , [16] and [22] , in this paper, we give more constructions on MDS self-dual code. Among our constructions, there are several MDS self-dual codes with new parameters (see Table 2 ). In particular, for square q, we can produce much more MDS self-dual codes than previous work.
This paper is organized as follows. In Section 2, we will introduce some basic knowledge and useful results on (extended) generalized Reed-Solomon codes. In Section 3, we will present our main results on the constructions of MDS self-dual codes. In Section 4, we will make a conclusion. 
gcd(r+1,m) , q−1 m even Theorem 1 (i) q = r 2 , r odd n = tm + 2,tm even(expect t is even, m is even and r ≡ 1(mod 4)), 1 ≤ t ≤ r+1 gcd(r+1,m) and m|(q − 1)
gcd(s(r−1),m) , s even, s|m, r+1 s even and q−1 m even
gcd(s(r−1),m) , s even, s|m, s | r + 1 and m|(q − 1) Theorem 3 (ii) q = p 2s , odd prime p n = p 2e + 1, 1 ≤ e ≤ s Theorem 4 q = p mk , odd prime p n = 2tp e , 2t|(p − 1) and e ≤ (m − 1)k, q−1 2t even Theorem 5
Preliminaries
In this section, we introduce some basic notations and useful results on (extended) generalized Reed-Solomon codes (or (extended) GRS codes for short). Readers are referred to [17, Chapter 10] for more details.
Let F q be the finite field with q elements and n be an integer with 1 ≤ n ≤ q. Choose two n-tuples
For an integer k with 0 ≤ k ≤ n, the GRS code of length n associated with − → v and − → a is defined below:
It is well-known that the code GRS k ( − → a , − → v ) is a q-ary [n, k] MDS code and its dual is also MDS [17,
Chapter 11].
We define
Let q denote the set of nonzero squares of F q . The following result is useful in our constructions and it has been shown in [11] . (1) is an MDS self-dual code of length n.
Moreover, extended GRS code can also be applied into the construction of MDS self-dual codes. We can choose the two n-tuples − → v and − → a in the same way as GRS code. Then the extended GRS code of length n associated with − → v and − → a is defined as follows: (2) is an MDS self-dual code of length n. 
Main Results
In this section, we will give several new constructions of MDS self-dual codes utilizing the additive group structure on F q and the multiplicative group structure of F * q .
gcd(r+1,m) , assume tm is even.
(i). If q−1 m is even and n = tm, there exists a q-ary [n, n 2 ] MDS self-dual code. (ii). Assume n = tm + 2. There exists a q-ary [n, n 2 ] MDS self-dual code except that t is even, m is even and r ≡ 1(mod 4).
Proof. Let α be a primitive m-th root of unity in F q and S = β be the cyclic group of order r + 1. By the second fundamental theorem of group homomorphism, we have
Then the entries of − → a are distinct in F * q . We will show that there exists − → v ∈ F * q n such that
Let g be a generator of F * q such that β = g r−1 and −1 = g
It follows that
Then by Lemma 2.1, GRS n 2 ( − → a , − → v ) is an MDS self-dual code. Therefore, we know that there exists a q-ary [n, n 2 ] MDS self-dual code with length n = tm.
(ii). Similarly as (i), we let
is an MDS self-dual code of length n = tm + 2. For any 1 ≤ j ≤ m and for any l ∈ I, I = {i 1 , · · · , i t }, we have
Denote u = l∈I,l =z (β zm − β lm ). We can obtain that u = g r+1 2 ·(t−1)−(A+(t−2)z)m+i(r+1) for some i, in the same way as (i). We discuss u in the following.
Case 1: If t is odd and m is even, we have r+1
Case 2: If t is even and r ≡ 3 (mod 4), we can choose i 1 , . . . , i t such that A is an even integer. It follows that r+1 2 · (t − 1) − (A + (t − 2)z)m is even. Hence u ∈ q . Case 3: If t is even, m is odd and r ≡ 1 (mod 4), we can choose i 1 , . . . , i t such that A is an odd integer. It follows that r+1 2 · (t − 1) − (A + (t − 2)z)m is even. Hence u ∈ q . Note that β, m, −1 ∈ q . So in all three cases, one has L− → a (β z α k ), L− → a (0) ∈ q .
It is easy to verify that
Then by Lemma 2.2, GRS n 2 ( − → a , − → v , ∞) is an MDS self-dual code with length n = tm + 2, except that t is even, m is even and r ≡ 1(mod 4). It is easy to verify that q−1 m is even. By Theorem 1 (i), we know there exists MDS self-dual code of length n = tm = 426. This is a new parameter of MDS self-dual code which was not reported in any previous work.
Theorem 2. Let q = r 2 , where r is an odd prime power. Suppose m|(q − 1). For 1 ≤ t ≤ r+1 2 gcd(r+1,m) , we assume tm is odd and n = tm + 1. Then there exists a q-ary [n, n 2 ] MDS self-dual code over F q .
Proof. The elements α and β are the same as in Theorem 1 (i). We choose t distinct even elements i 1 , · · · , i t , where 1 ≤ i 1 < · · · < i t < r + 1. We take I = {i 1 , · · · , i t } and A = i 1 + i 2 + · · · + i t . It is easy to see that A is even. Let − → a = αβ i1 , . . . , α m β i1 , αβ i2 , . . . , α m β i2 , · · · αβ it , . . . , α m β it .
The proof is similar as in Theorem 1 (i). We deduce that
Let u = l∈I,l =z (β zm − β lm ). We can obtain u = g r+1 2 ·(t−1)−(A+(t−2)z)m+i(r+1) in the same way as Theorem 1 (i). Since t is odd, A and z are even, then r+1 2 · (t − 1) − (A + (t − 2)z)m + i(r + 1) is even. It follows that u ∈ q .
Since m is odd, then q−1 m is even, that is α ∈ q . Note that β, m, −1 ∈ q . Therefore, we have
is an MDS self-dual code with length n = tm + 1. It is easy to verify that m | q −1. By Theorem 2, we know there exists MDS self-dual code of length n = tm+1 = 1006. This is a new parameter of MDS self-dual code which has not been covered by previous work. Proof. Let α be a primitive m-th root of unity and β be a primitive s(r − 1)-th root of unity in F q . Let S = β . From the second fundamental theorem of group homomorphism, we get
(i). We choose t distinct elements i 1 , · · · , i t such that 0 ≤ i 1 < · · · < i t < s(r − 1) and denote
Let B = {β i1 , · · · , β it } be a set of coset representatives of (S × α )/ α and
Then the entries of − → a are distinct elements of F * q . We will show that there exists − → v ∈ F * q n such that GRS n 2 ( − → a , − → v ) is an MDS self-dual code of length n = tm. Similarly as Theorem 1 (i), we get
Since the order of β is s(r − 1), then ξ s = β r−1 is a primitive s-th root of unity. So β r = ξ s · β.
which implies u ∈ F * r . If both r+1 s and q−1 m are even, one has β, α ∈ q . Now we obtain β, m, α −k ,
(ii). Similarly as (i), we let − → a = 0, αβ i1 , . . . , α m β i1 , αβ i2 , . . . , α m β i2 , · · · αβ it , . . . , α m β it .
We will find − → v ∈ F * q n such that GRS n 2 ( − → a , − → v , ∞) is an MDS self-dual code of length n = tm + 2. For any 1 ≤ j ≤ m and for any l ∈ I = {i 1 , . . . , i t }, one has
Since the order of β is s(r − 1), then β r = ξ s · β, where ξ s is a primitive s-th root of unity. So β rm = β m with s | m. It implies that β m ∈ F * r . Therefore, we know that
Then by Lemma 2.2, GRS n 2 ( − → a , − → v , ∞) is an MDS self-dual code with length n = tm + 2. Proof. Denote by r = p s . Let S = {α 1 , α 2 , · · · , α p e } be an e-dimensional F p -vector subspace of F r , with 1 ≤ e ≤ s. Choose β ∈ F q \F r , such that β r+1 = 1. Let a k,j = α k β + α j , 1 ≤ k, j ≤ p e and − → a = (a k,j : 1 ≤ k, j ≤ p e ).
L− → a (a k0,j0 ) = 1≤k,j≤p e (k,j) =(k0,j0)
Since α j0 , α j , α k0 , α k ∈ F r and β ∈ q , then
This implies that u r−1 = β −(p e −1) 2 . Since β r+1 = 1 and p e − 1 is even, then u (r−1)· r+1 2 = 1, which yields u ∈ q . By (3), it follows that L− → a (a k0,j0 ) ∈ q .
Since q = r 2 ≡ 1 (mod 4), then −1 ∈ q . It follows that −L− → a (a i0,j0 ) ∈ q . We choose v 2 k0,j0 = − 1 L− → a (a k 0 ,j 0 ) , with v k0,j0 ∈ F * q and define − → v = (v k,j : 1 ≤ k, j ≤ p e ). By Lemma 2.2, GRS n 2 ( − → a , − → v , ∞) is an MDS self-dual code. Therefore, there exists a q-ary MDS self-dual code of length of p 2e + 1.
Example 3.4. Let p = 3, s = 5 and q = p 2s = 243 2 . We can choose e = 3 < 5 = s. By Theorem 4, we know there exists the MDS self-dual code of length n = p 2e + 1 = 3 6 + 1 = 730 > √ q. This MDS self-dual code has different length with all the previous results.
Remark 3.1. We let n = tm + 1 be an even integer. In the previous work, t and m satisfy one of three following conditions:
(1). t = √ q or m = √ q, see Theorem 2 (ii), Theorem 3 (i) and (iii) in [22] ;
(2). t | q − 1 or m | q − 1, see Theorem 2 in [16] ;
(3). tm = p c , q = p k and c | k, see Theorem 4 (i) in [22] .
It is easy to see that Theorem 4 is not covered by the preceding three classes, so it can produce new MDS self-dual code.
Theorem 5. Let q = p km with p odd prime. For any t with 2t | (p k − 1) and e ≤ (m − 1)k, if q−1 2t is even, there exists self-dual MDS code with length 2tp e .
where the last equality follows from that (1 + u − ω h ) . It follows that L− → a (b) = ω −i c. Note that ω ∈ q , since q−1 2t is even. We can choose λ = c, which is independent of b. Let v 2 b = (λL− → a (b)) −1 , with v b ∈ F * q and define − → v = (v b : b ∈ ω i + V ). By Lemma 2.1, GRS n 2 ( − → a , − → v ) is an MDS self-dual code. Therefore, there exists self-dual MDS code with length 2tp e . Example 3.5. Let p = 3, k = 4, m = 3 and q = p km = 3 12 . We can choose t = 10 and e = 7. It easy to verify that 2t | p k − 1, e ≤ (m − 1)k and q−1 2t is even. By Theorem 5, we know there exists the MDS self-dual code of length n = 2tp e = 20 × 3 7 . The MDS self-dual code of the length n has not been reported in any previous work.
Usually, when q is a square, more classes of MDS self dual codes can be constructed by using the result of this paper than the previous results.
Example 3.6. For q = 151 2 , we can construct 787 different n for which MDS self-dual code of length n by using all the previous results (in Table 1 ). Utilizing the results in this paper (Theorems 1-5), we can construct 1228 different classes of MDS self-dual codes of different lengths. In this case, we can produce approximately 50% more than previous works.
Conclusion
Based on the technique in [11] , [16] and [22] and applying the second fundamental theorem of group homomorphism on different multiplicative subgroups of F * q , we construct several new classes of MDS self-dual codes over finite fields of odd characteristic via generalized Reed-Solomon codes and extend generalized Reed-Solomon codes. For a fixed q, it is expected to have [n, n 2 ] MDS self-dual code for any even length of n ≤ q + 1. But sum up all the known results, the number of MDS self dual codes is much less than q+1 2 . So there are still a big gap waiting to be filled.
